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ABSTRACT
We provide a theoretical model to explain the evolution of commu-
nities in social networks where new friends are formed by looking
at friends of friends. Specifically, a new friendship link isformed
based on the number of common friends between the two nodes.
Additionally, we also allow a fraction of the new links to be ran-
dom. Furthermore, we allow deletion of links to model degradation
of old friendships in such a way as to keep the average number of
friends a person has nearly unchanged. The probability of addition
of a new link based on the number of common friends is parame-
terized by an exponentα as in the preferential attachment model.
We observe that asα increases, we obtain more refined cluster-
ing of the graph. Specifically, our simulations show that forvalues
of α ∈ [0, 1], this process results in a uniform random graph re-
gardless of the original structure of the graph. As we increaseα
from one, we observe sudden transitions in the cluster formation
at specific values ofα. Moreover, this threshold value lies in the
range[1, 2]. We study several tree-like backbone networks which
are representative of nascent social networks and demonstrate that
this process mimics the evolution of communities in such networks.

1. INTRODUCTION
Societies are complex phenomena: Given a collection of indi-

viduals, as time progresses, new relationships form between the
individuals and old relationships disappear, and communities form
as alliances appear. However, the formation of alliances are com-
plex and often unpredictable. Some pertinent questions that arise
include: How do communities evolve given an initial structure of
a nascent social network? Given the structure of a nascent so-
cial network, can we predict what communities are likely to form
over time? How will the shape of the social network change over
time? What is a good model for such predictions? These questions
have received a renewed interest in the context of online social net-
works such as the web, or friendship networks such asmyspace,
orkut, andfacebook. The work in this area is motivated, in
part, by the huge opportunity such social networks present in the
context of online advertising markets and other web services such
as online recommendation systems such asamazon.com and on-
line auction markets likeebay.com. The structure of the social
network often encodes a lot of information about interactions be-
tween nodes in the network. Understanding the structure andthe
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evolution may also help us protect such networks from attacks by
spammers who may be exploiting the network links to propagate
malicious spam. In other examples such as viral marketing, under-
standing the evolution of the topology of the network often forms
the basis for studying diffusion of information through such net-
works.

Several theoretical models have been proposed for how social
networks evolve over time [12, 6, 14, 13, 7, 8]. The essentialun-
derlying principle behind most approaches is that new friendships
are formed through existing common friends. For instance one
popular method adds new friendship links with probability propor-
tional to the number of common friends. Formation of new links
may also be compensated by randomly deleting existing friendship
links. Surprisingly we find that if new friendships are formed in
this fashion, the social network soon loses any correspondence to
its initial structure and eventually degenerates into a uniform ran-
dom graph, one without any distinct communities. On the other
hand, if we bias the friendship formation further by making the
probability proportional to the number of common friends raised
to a certain powerα, then depending on the value ofα community
structures begin to form. The larger the value ofα, the more refined
the communities become.
Contributions of this study: Given a structure of a social network,
wherein the edges represent friendships between the nodes in the
network, we present a model for evolution of communities in such
networks that is based on the following principles. For simplic-
ity, we assume that the number of nodes in the network is fixed
and study the evolution of links with this set of nodes. The new
connections are formed based on the number of common friends
between the nodes. In addition, we also allow a small fraction of
connections to be added randomly between any two random nodes.
At the same time, there is an upper bound on the maximum number
of friends each node can have1. If the new links are formed with
probability proportional to the number of common friends, surpris-
ingly, we find that eventually regardless of the initial structure of
the graph, it converges to a uniform random graph. However, if
the probability of the formation of a new link is proportional to
the number of common friends raised to the power of a parameter
α, then we find that, above a certain threshold, depending on the
structure of the initial network, communities begin to formin the
network. We apply our model in backbone networks that are usu-
ally a tree connecting several star like components. Many nascent
social networks seem to have this structure. We describe themodel

1If the maximum degree of a node is not constrained and instead,
edges are deleted randomly so that the total number of edges is
fixed, we observe the rich-get-richer phenomena in which most
nodes end up with no friends and a few rich nodes form a clique.
This leads to an undesirable scenario where no communities are
formed.



in Section 3 and summarize our results in Section 4.

2. RELATED WORK
There is a plethora of work on the structural analysis and evo-

lution of the web-graph [1, 11, 9]. These and other related works
focused on different topological properties of graphs suchas di-
ameter, connectivity, small-world phenomena which is based on
the hypothesis that everyone is connected to everyone else through
a path of small length (six degrees of separation). Some studies
addressed [14, 8] studied link formation in which new edges are
favored between nodes connected by a small distance/paths.New-
man [13], in another study, looks at the evolution when edgesare
added between nodes based on the number of common friends. In
our study, we find that this model leads to a uniform random graph
and is unable to explain any community formation. Other mod-
els include using the Jaccard coefficient which is a commonlyused
similarity measure between two nodes.

One of the most well-studied model of graph evolution ispref-
erential attachment [2] wherein new connections are formed with
higher probability among nodes with higher degree. Thus, inthis
model, the probabilityp of new node connecting a nodei depends
on the degreedi of nodei, so thatp = di/

P

j dj . However, this
’‘rich-get-richer” model is not always appropriate to describe the
dynamics of online social networks in which pre-existing social re-
lationships in a community define how the community evolves as
part of the bigger social network. Jackson and Rogers [6], infact,
present a model which is similar to the one we propose. However,
they use their model to study the degree distribution and connectiv-
ity properties of the resulting networks. Liben-Nowell andKlein-
berg [12] studied the link prediction problem in social networks
in which they address the formation of new interactions between
members of a social network. They propose that the probability of
forming edges between two nodes is a function of the “proximity”
of the two nodes. One of the proximity functions they study isthe
number of common neighbors two nodes share. Their results indi-
cate that this is indeed a good function to predict the probability of
future interactions between two given nodes. However, theydo not
explicitly characterize these interactions and the resulting effect on
the topology of the network.

There have been other studies in the physics community that
looked at understanding the evolution of networks from latent in-
formation in the network [15, 13, 7, 16]. These works have, in
general, tried to study the structure of the social networksresult-
ing from a defined set of interactions. In fact, Jin and others[7]
proposed models that mimic the growth of social networks very
similar to this work – namely, the rate of edge formation between
two nodes is proportional to the number of their common friends,
relationships decay over time, and the presence of an upper limit
on the number of friends an individual can have. However, they
do not analyze their model in terms of the topology of the resulting
network like we do in this work. Moreover they do not considerthe
effect of randomness on the evolution of the network topology.

Threshold phenomena have been commonly observed in classi-
cal random graph models [3, 4]. For example, when the number of
edges in a random graph exceeds a certain threshold, suddenly giant
components begin to appear and the diameter of the graph shrinks.
In fact, it is known that such sharp threshold phenomena holdfor
anymonotone graph property [5].However, classical random graph
models may not be appropriate for studying large networks such as
the internet and social networks such asflickr andmyspace
[10, 12].

3. MODEL FOR FRIENDSHIP

We next formally describe our model for friendship. In each
time interval, the probability that a new edge is added between
two nodes is dependent on the number of common friends they
share. We also allow a fraction of the new links to be random. Fur-
ther, each node can handle only a bounded number of friends. If
the number of links becomes large, the node starts to drop friend-
ship links randomly so that its number of friends becomes bounded
again. Although this is a discrete process, we will model it as a
continuous process that intuitively captures essential features of the
discrete process.

Thus we model the social network as an undirected edge-weighted
graph onn nodes,G = (V, E), in which the nodes correspond to
people. LetA denote the weighted adjacency matrix of this graph.
An edge(i, j) between two (distinct) nodes corresponds to friend-
ship, with the edge weight,A(i, j) indicating the probability (or
the strength) of the friendship. As discussed in Section 1, we as-
sume that the number of nodes is fixed while edges can be added
or deleted over time. To understand the evolution of the social net-
work, we would like to study the structure of the graph after asuf-
ficiently long time.

In the continuous process, the probability that nodek is a com-
mon friend of nodesi andj is equal toA(i, k) · A(k, j) (with the
simplifying assumption that the probabilities are independent), so
that the expected number of common friends thati andj share is

equal to
“

P

1≤k≤n A(i, k) · A(k, j)
”

= (A2 (i, j)). Parameter-

izing by an exponentα, we model the change inA(i, j), ∆A(i, j)

during one time interval to be proportional to
“

P

1≤k≤n A(i, k) · A(k, j)
”α

=

(A2 (i, j))α. As in the preferential attachment model, as we in-
crease the exponentα, we favor “rich becoming richer”, that is,
edges are even more likely to form between nodes that have many
common neighbors. Thus we increment each entry of the adjacency
matrix by the corresponding probability as described above, after
scaling suitably. In each time interval, we look at the totalweight
of all the edges in the graph and add ah fraction of this value as
the number of such edges. In addition, we add a small fraction, h′

(much less thanh) of random edges: for the continuous process,
this corresponds to incrementing each (non-diagonal) entry of the
adjacency matrix by the same value.

However this may cause the total number of friends of a node to
become too large. In fact, simulation results show that the graph
evolution becomes too skewed (see footnote in section 1) forany
α > 1. For α = 1, the graph converges to a uniform random
graph. Essentially, we saw a total absence of community structure
in this case. We assume that every node can handle a total friend-
ship strength of at most a constant. Hence each node scales down
its edges so that the total friendship strength of this node is at most
the above constant. In effect an edge(i, j) gets scaled down to the
smaller of these two values. Note that all weights we use in describ-
ing the graphs and our simulations of the model are relative weights
and may need to be scaled down to satisfy the degree constraints.

In summary, the evolution of edges in each time interval can be
expressed in the following two steps:

1. Add new edges- ∆A(i, j) = β · (A2 (i, j))α + µ (for
i 6= j) whereβ andµ are chosen in such a way that the first
term corresponds toh fraction and the second term corre-
sponds toh′ fraction of the total weight of existing friend-
ships respectively. That is,β ·

P

1≤i<j≤n(A2 (i, j))α =

h ·
P

1≤i<j≤n A(i, j) andµ ·
`

n
2

´

= h′ ·
P

1≤i<j≤n A(i, j).

2. Scale down edge weights- After applying the increment
computed in step 1, we scale the edges as follows to keep the



maximum weighted degree of a node at most 1. The scaling
is computed asAnew(i, j) = A(i,j)

max(
P

1≤k≤n
A(i,k),

P

1≤k≤n
A(j,k))

for each edge(i, j) and then each edge weightA(i, j) is up-
dated toAnew(i, j).

Steps 1 and 2 are repeated iteratively until we converge to a fixed
point. The natural question to ask is what happens to certainback-
bone networks under this process. For example, we would like
to understand whether new communities (clusters) form, existing
communities disappear, or there is a drastic change in the structure
of the network. We will first study simple graphs such as the star
graph and the dumbbell graph (see Figure 1). We will then study
more complex graphs that are obtained by connecting star graphs
using an underlying tree backbone network (such as the graphs in
Figure 2 and Figure 3).

Figure 1: Example star and dumbbell graphs

4. RESULTS
We now present a summary of the main observations of our

study.

1. Surprisingly, we find that for parameterα equal to one (new
links are added in proportion to the number of common friends),
regardless of the original structure of the graph, all graphs
tend to converge to a uniform random graph.

2. Asα is increased from1, at certain thresholdα0 that depends
on the initial graph, communities begin to appear. Forα ∈

[0, α0], the graph converges to a uniform random graph and
for α > α0, the graph converges to clusters (communities)
where the intra-cluster edge strength is much higher than the
inter-cluster edge strength. Furthermore, asα is increased
aboveα0, again at certain thresholds, more and more refined
clusterings are obtained. The number of clusters increasesat
higher thresholds.

3. In all our observations, the threshold values forα lie in the
range1 and2, i.e., forα > 2, we observed no refinement of
the communities.

4. We observe that these thresholds are independent of the amount
of randomness (parameterh′) and depend only on the initial
graph structure.

5. THEORETICAL ANALYSIS FOR SPECIFIC
BACKBONE NETWORKS

In this section, using theoretical analysis, we show that for α =
1 and for any graph, the only fixed point for the above process
corresponds to a uniform random graph (where all edges have the
same probability) under some simplifying assumptions. Next, for
larger values ofα, we theoretically analyze the evolution of simple
graphs such as the star graph and a variant of the dumbbell graph.

Figure 2: Star graphs connected by a line (line star graph)

Figure 3: Star graphs connected by a tree (tree star graph)

5.1 Analysis forα = 1 for arbitrary graphs
We now show that for any network, if the parameterα is set to1,

the only fixed point for the process is a uniform random graph.We
make a few simplifying assumptions. We capture friends of friends
edges using the matrixA2 (that is, we do not require the diagonal
entriesA(i, i) to be zero) and include a non-zero fraction of random
edges. Further, instead of scaling down each edge locally asin step
(2) described in Section 3, we scale down each edge by a fixed
amount at the end of each iteration. For example, the scalingcould
be done such that the Frobenius norm of the matrix remains fixed.

Lemma 1. For the above process, the only fixed point corre-
sponds to identical weights for all edges (i.e., that of a uniformly
random graph).

PROOF. We will denote the matrix with all ones asR, the scal-
ing constant asη, and the weights for friends of friends edges and
random edges ash1 andh2 respectively. Then we can express the
condition for the fixed point,Afixed as:

Afixed = η(Afixed + h1A
2
fixed + h2R)

or equivalently,

1 − η

ηh2
Afixed −

h1

h2
A2

fixed = R

Expressing the singular value decomposition ofAfixed asAfixed =
UDUT and multiplying the above equation byUT on the left side
andU on the right side, we get:

1 − η

ηh2
D −

h1

h2
D2 = UT RU

Let xi denote the sum of entries of theith column ofU , i.e.,
xi =

P

1≤k≤n U(k, i). Then, we can observe thatUT RU(i, j) =

xixj . SinceUT RU is a diagonal matrix, it follows that all but
one (say,x1) of xi’s are equal to zero. Hence the eigen vectors
of Afixed except the first one are normal to the all ones vector.
As the columns ofU are orthonormal, the first column vector of
U must be proportional to the all ones vector. Further, the entries
of D exceptD(1, 1) are equal to zero. ConsequentlyAfixed is



determined entirely by the first column vector ofU andD(1, 1).
Since the first column ofU has identical entries, it follows that all
entries ofAfixed must be identical.

5.2 Analysis for star graph
Consider a star graph (see Figure 1) onn nodes (that is, a center

node joined ton− 1 leaf nodes). We show that, independent of the
parameterα, this graph converges to the uniform random graph on
all the nodes, with the possibility of the center being disconnected.

For this analysis, we assume that the fraction of random edges
added is negligible and only consider edges added through common
friends. By symmetry, there will be only two different typesof
edges. Leta denote the strength of each edge between the center
and a leaf node andb denote the strength of each edge between two
leaf nodes.

At the fixed point, we would like to obtain the ratio of the strength
of a leaf-leaf edge to that of a leaf-center edge since this ratio would
indicate how close the fixed point graph is to the initial treeas
against the (uniform) complete graph.

Lemma 2. For any constantα ≥ 1 and for asymptotically large
n, the fixed point for the above process corresponds to one of the
following cases:

• a = b = 1
n−1

. The resulting graph is the (uniform) complete
graph.

• a = 0, b = 1
n−2

. The resulting graph is the complement of the
star.

PROOF. We can express the change in the strengths of each type
of edge by considering the number/strengths of length two paths.

δa ∝ ((n − 2)ab)α

δb ∝
`

a2 + (n − 3)b2´α

At the fixed point,

a + δa

max((n − 2)(b + δb) + a + δa, (n − 1)(a + δa))
= a

b + δb

max((n − 2)(b + δb) + a + δa, (n − 2)(b + δb) + a + δa)
= b

As these equations hold for infinitesimally small values ofδa
andδb, we notice that ifa andb are positive,

a + (n − 2)b = 1

b ≥ a

Supposea = b. Then we get the solutiona = b = 1
n−1

.
Supposeb > a. Then, we have1 = a + (n − 2)b < (n − 1)b

and1 = a + (n − 2)b > (n − 2)b so that 1
n−2

< b < 1
n−1

.
We now show that any value ofb in this range will not be stable

(due to the presence of theδ’s) and hence not correspond to a fixed
point. Asb > a, the denominators in the fixed point equations will
be the same and hence we get:δa

a
= δb

b
Denotingγ = b/a andβ = 1/n and dividing throughout by

nαa2α/b, we get:
(1 − 2β)αγα+1 =

`

β + (1 − 3β)γ2
´α

For the choice ofγ > 1, as1/nβ → 0, we getγ → 1. Hence
there is no solution forγ exceeding1 by a constant.

Now considera = 0 or b = 0. The fixed point equations imply
that the only feasible solution isa = 0, b = 1

n−2
.

5.3 Analysis of a two-clique graph
For the ease of analysis, we consider a simpler variant of the

dumbbell graph. This graph consists of two cliques ofn nodes
each, which are connected by weak edges (compared to the intra-
clique edges). We denote the strength of an edge in either clique by
a and that of inter-clique edge byb. As in the star network analysis,
we only consider edges added through common friends.

At the fixed point, we would like to obtain the ratio of the strength
of an inter-group edge to that of an intra-group edge since this ra-
tio would indicate how close the fixed point graph is to the initial
dumbbell graph as against the (uniform) complete graph.

Lemma 3. For any constantα ≥ 1 and for asymptotically large
n, the fixed point for the above process corresponds to one of the
following cases:

• b = a = 1
2n−1

. The resulting graph is the (uniform) com-
plete graph.

• b = 0, a = 1
n−1

. The resulting graph is the union of two
disjoint (uniform) complete graphs onn nodes each.

• γ = b/a is a positive root of the equation:

(1 + γ2) = 2γ1−1/α

PROOF. We can express the change in the strengths of each type
of edge by considering the number/strengths of length two paths.

δa ∝
`

(n − 2)a2 + nb2
´α

δb ∝ (2ab(n − 1))α

At the fixed point,

a + δa

(n − 1)(a + δa) + n(b + δb)
= a

b + δb

(n − 1)(a + δa) + n(b + δb)
= b

As before, these equations hold for infinitesimally small values
of δa andδb, and hence we notice that ifa andb are positive,

(n − 1)a + nb = 1

As the denominators in the fixed point equations are equal, we
get:

δa
a

= δb
b

Denotingγ = b/a andβ = 1/n,

γ1/α `

1 − 2/n + γ2´

= 2γ (1 − 1/n)

Clearlyγ = 1 andγ = 0 are possible solutions. For asymptoti-
cally largen, the other solutions are positive roots of the equation:

(1 + γ2) = 2γ1−1/α



Figure 4: Transformation of a star graph into to a clique

6. EXPERIMENTS
We ran simulations of our model using Matlab on various topolo-

gies described in the previous sections to study the threshold phe-
nomena in the evolution of social networks. We denote the thresh-
old values of the parameterα by α0, α1, . . . , αk whereα0 ≤ α1 ≤

. . . ≤ αk, andαi, 1 ≤ i ≤ k denotes a threshold at which the
graph converges into more finely-refined components than it did at
thresholdαi−1.

6.1 Star graph
In the case of a star network, we considered a network with100

nodes. As we showed analytically in the previous section, wealso
show empirically that the graph converges toward a uniform ran-
dom graph as edges are added and deleted as prescribed by our
model. In fact, we find that the star graph becomes a uniform ran-
dom graph for all values ofα. Thus, we do not observe any thresh-
old phenomena when this graph breaks apart any further. Since
all edges have the same weight, we refer to this as a clique. We
illustrate this transformation in Figure 4.

6.2 Dumbbell graph
We view this class of graphs as two star sub-graphs whose cen-

ters are connected by an edge2. The number of edges in the left
and right star sub-graphs arena andnb respectively. The corre-
sponding edge weights area and b respectively. The weight on
the edge connecting the centers of the dumbbell graph isc. In the
first set of experiments we set to characterize the evolutionof the
dumbbell graph as edges are added and deleted according to our
proposed model. Figure 5 illustrates the evolution of the dumbbell
graph asα is increased from1 to 2. We observe that atα0 ≈ 1.35,
the dumbbell converges to two cliques without their centersand a
single edge separately connecting the two centers. The values of
the parameters are:na = nb = 100, anda = 0.8, b = 0.9,
andc = 1.0. The number of cliques does not change for values
of α > 1.35. The value ofc in Figure 5 dominates the weightsa
andb at convergence because it is the most weighted edge that is
common to all friends-of-friends edges in the graph.

We categorize these parameters as representing theconnected-
ness of the graph (parameterc), strengths of the star sub-graphs
(parametersa and b), and thesize of star sub-graph (parameters
na andnb). We varied these key parameters in the experiments
and cataloged their effect on the threshold value ofα0 at which
the graph transforms from a uniform random graph into a set of
cliques. We would like to remind the reader that the cliques are
not defined in the true graph-theoretic sense. Basically, they are
characterized by very strong intra-component edge weightscom-
pared to the inter-component edge weights. We provide very brief
descriptions of the experiments due to lack of space:

• Effect of the number of nodes in the sub-graphs: We ob-
served that as we increase the size of each sub-graph, the
threshold valueα0 decreases and finally converges to a value

2Where it is clear, we refer to the star sub-graphs by sub-graphs

Figure 5: Transformation of a dumbbell graph into cliques. For
α ≤ 1.35, the dumbbell graph converges into a uniform ran-
dom graph and above this threshold value, the graph splits into
two communities.

around 1.35. This is because the intra-clique strength out-
weighs the inter-clique strength, resulting in a lower thresh-
old at which the graph breaks up.

• Effect of the relative sizes of the sub-graphs on the threshold
value: As the rationa/nb increases from 0 to 1, the threshold
value increases first and then decreases, attaining a maximum
when the ratio is around 1/4.

• We observed that the number of nodes required in each sub-
graph to induce the formation of a center-center edge at con-
vergence is proportional to the initial strength of the edge
connecting the centers.

We also studied the effect of the size of each sub-graph on the
strength of the uniform random graph. We further observed that
the thresholds are independent of the amount of randomness (pa-
rameterh′) and depend only on the initial graph structure.

6.2.1 Simulating a discrete model
Using a discrete model we verified for both the dumbbell and star

networks that the graphs degenerate to a uniform random graph
for α = 1. The edges are deleted so as to keep the average de-
gree constant. Specifically, an edge is deleted with probability
1 − d/max(du, dv), whered is the maximum degree,du anddv

are the degrees of the nodesu andv respectively connected by the
edge. In this model, we counted the number of triangles and found
that the number of triangles corresponds to that in a uniformran-
dom graph. Note that the number of triads,nt, in a uniform random
graph withn nodes and degreem is equal to

`

n
3

´

p3 in expecta-
tion, wherep is the probability of existence of an edge. Clearly,
p = mn/2

(n

2
)

giving nt ≈ m3/6. Thus, forn = 20 andm = 10, we

getnt ≈ 165. We verified that the number of triads in the graph at
convergence is indeed close to this value.

6.3 More complex graphs
To study the model in more complex graphs, we extend the graph

to a backbone network connecting multiple star sub-graphs.For the
sake of analysis, we consider two specific backbone graphs - aset
of star sub-graphs connected by a line (see Figure 2) and a setof
star sub-graphs connected by a tree as shown in Figure 3. We ran
the same experiments in which we varied the relative strengths of
connections in each star sub-graph and varied the number of nodes
in each star sub-graph and studied the values ofα0.

6.3.1 Line star graph
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Figure 6: Minimum and maximum thresholds as a function of
the number of star sub-graphs. The minimum threshold,α0

is associated with the threshold at which there exist two com-
ponents in the graph and the maximum threshold signifies a
value above which the graph does not change much in terms of
topology.

We considered different number of star sub-graphs connected by
a series of edges in a line. For a number of line star graphs ranging
from 4 star sub-graphs to around20 star sub-graphs, we observed
the following:

• Depending on the number of sub-graphs, we observed that
the smallest threshold,α0, at which the graph transforms
from a uniform random graph increases initially and then
decreases gradually with increase in the number of star sub-
graphs. On the other hand, the largest threshold decreases
with increase in the number of star sub-graphs. Significantly,
we observe that both these thresholds converge to similar val-
ues when there are large number of star sub-graphs (see Fig-
ure 6). These experiments were run with each star sub-graph
size equal to 100 and the strength on every edge set to1.0.
We also note that a common feature to all graphs with more
than three star sub-graphs is that they all have non-leaf edges.

• At α0, the uniform random graph decomposes into three com-
ponents – the left-most star with its center, the right-moststar
with its center, and the reminder of the graph in one giant
connected component. Atα1, this giant component disinte-
grates into individual star components, with all the centers
by themselves in a component, i.e., these centers on non-leaf
edges form a clique.

Effect of size of each sub-graph on the converged structure:
In another set of experiments, we measured the effect of the size of
each star sub-graph on the order in which the graph disintegrates
into individual components. We chose a line graph with7 star sub-
graphs. The size of each star component is increased from99 in
sub-graph1 to 699 in sub-graph7. Figure 7 shows each threshold
value αi at which the largest remaining component in the graph
disintegrates into two components. Clearly, the thresholdvalue in-
creases as the number of components in the graph increases. In fact,
it is almost linear in the number of components. We observe that
the relative strengths of each sub-graph plays an importantrole in
the order in which the graph disintegrates. For example, sub-graphs
with large number of nodes tend to stay connected more than the
smaller sub-graphs which break away early on.

Figure 7: Order of disintegration of the graph. There are
six different thresholds, each giving a more refined community
structure than the previous one.

Figure 8: Transformation of a general backbone graph into
cliques atα0 = 1.3 resulting in four communities. At the next
threshold value ofα1 = 1.35, one of these communities further
splits into two, thereby resulting in five communities.

6.3.2 Tree star graph
Lastly, we ran the same set of experiments on a graph wherein

the sub-graphs are connected by a tree backbone. The first thresh-
old valueα0 was observed to be1.3 when the graph starts to de-
generate into smaller cliques from a uniform random graph. While
the value ofα was increased from1, the connected backbone starts
to break apart with some of the stars still connected to each other
while the other star sub-graphs start to form their own cliques. For
brevity, we show the final transformed graph at the thresholdvalue
in Figure 8. The backbone is connected to begin with and all the
star sub-graphs have the same number of nodes. As in the case of
the line graphs, we observed that the centers on the no-leaf edges
stay together in a component while the star sub-graphs at theends
of the backbone become independent of other sub-graphs on the
backbone. At higher value of thresholdα1 = 1.35, the the larger
component breaks up into its individual sub-graphs.

7. CONCLUSIONS
We propose a model for evolution of social networks where links

are formed between nodes based on the number of common friends
they share. We find that in our model, if an edge is added with
probability proportional to the number of common friends, then
the social network loses its identity and converges to a uniform
random graph. However, if we introduce a parameterα, and make
the probability of adding an edge proportional to the numberof
common friends raised to the powerα, then we see the evolu-
tion of communities or clusters depending on the structure of the
original graph. Further, such cluster formation follows a threshold



phenomenon where clusters appear above a certain value ofα de-
pending on the structure of the original graph. Furthermore, there
are multiple threshold values producing more-refined communities
where the number of communities increase with higher threshold
values. In our observations, these threshold values seem tolie be-
tween1 and2.

The main problem we faced is analyzing our model for complex
graphs because of the non-linearity in the update of the friendship
matrix in each iteration. It would be interesting to investigate a
theoretical analysis for a larger class of graphs.
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